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Abstract
Gas coal has also scale-dependent mechanical properties like many other rock materials. It becomes significant to 
select its mechanics parameters for determining critical conditions of coal and gas outburst and other application in 
fields such as the underground excavation design of room and pillar. Based on the Weibull theory, a scale constitutive 
model in uniaxial compression for gas-saturated coal is raised. The scale-dependent variation of ultimate compression 
strength under different gas pressure is specifically studied. We discuss the effects of interfacial friction during 
testing and modify our model according to the testing results. Results show that, the ultimate compression strength of 
coal samples decreases as gas pressure and the ratio of height to diameter increase. The differences between
theoretical and experimental results for ultimate compression strength mainly depend on the interfacial friction. The
model reasonably agrees with the testing results after modifying, and it can reflect the law of changeable uniaxial 
compressive strength with the coal sample size and describe almost the whole process of uniaxial loading.
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1. Introduction
Scale effect is a general character when rock materials are destroyed, and it is necessary to build 
relations between constitutive model and sizes of the rock. The previous researches [1-3] indicate that the 
rock strength gradually decreases as size increases. The stress-strain relationship of rock under specific 
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scale can only reflect macroscopic properties partially, which cannot be directly used in geotechnical 
engineering design and numerical calculation [2]. Coal has also scale-dependent mechanical properties 
like other rock materials. In addition, gas is the concomitant of coal, which cannot be neglected during 
analyzing, and its constitutive relationship are more complex [4]. There are few researches at present.
Various models can describe scale effects, including Weibull theory [5], Bazant scale effect theory [1] and 
fractal theory [6]. However, the previous models have just studied a single mechanical parameter, leading
to unsatisfactory results for reflecting the failure process of loading and the stress-strain relationship.
Based on the Weibull theory and the random distribution of brittle material strength, we establish a 
constitutive model of scale effects in uniaxial compression for gas-saturated coal. The model can well 
describe the failure process of gas coal in uniaxial compression and the changing rule of coal strength 
with the gas pressure. This work will provide a reference on engineering design considering gas and scale.
2. Model and Methods
Using the theory of damage mechanics, coal samples will form local damage in uniaxial loading and 
the external load will be borne by no damage part. Widely using displacement loading in uniaxial 
compression, we take axial strain as Weibull distribution parameter. Suppose that rock element strength 
obeys the Weibull distribution, and the probability density function depends on the following equation [7],
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where m is the Weibull module, denoting homogeneous degree of material. The shape parameter 0F is
the coal element strength, indicated by axial strain. Then, the evolution equation of damage is
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After putting the parameter D into elastic constitutive relation, we can get
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in which σ is the axial stress with the axial strain ε . The parameter E is the elastic modulus of coal 
samples. According to mathematical analysis on stress-stain curve (the derivative in the ultimate 
compression strength is zero), the parameters in Weibull distribution can be written as
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In the two equations above, cE is the associated secant modulus for the point of ultimate compression 
strength in the stress-strain curve, and cε is the axial strain when compressive stress reaches a maximum.
By the Weibull theory, the scale effects relation of uniform stress field is [8]
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where 1V and 2V are the different volume of samples with the mathematic expectation of 1E( )σ and 
2E( )σ for their ultimate extension strength respectively. Because coal is a fragile material, by the same 
token, we can use equations (4) to study the compressive strength. Selecting a certain volume 0V of 
sample as standard and substituting c c cEσ ε= into Equation (4), the equation can be written as
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where cσ is the ultimate compression strength, and 0cε is the ultimate strain for the selected standard 
sample. From Equations (3) and (5), the scale-dependent constitutive relation of statistical damage in 
uniaxial compression can be worked out as follows,
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In the expression above, 
0c
σ is the ultimate compression strength of the standard sample.
Being a porous media, the surface tension of coal reduces after adsorbing gas, and the coal skeleton
will expand. Suppose that coal has an elastic body with the same adsorption property and uniform 
mechanical property, and external loading can not change the adsorption property, and then the expansion 
linear stain 1ε is [7]
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where R is the universal gas constant, and T is degree Kelvin. The parameters a (m3/t) and b (Pa-1)
denote the isothermal adsorption constant of Langmuir. P is the gas pressure. K and ρ indicate the bulk 
modulus and apparent density, and gV is molar volume of gas in normal state. Separated by fracture, the 
deformation of particles in the coal, which are within a discontinuous point contact state, is not 
completely limited. The load for their contact positions is equal to one-way compression. Assuming the 
stress-strain relations of expandable coal comply with the Hooke’s law and supposing the Poisson’s ratio 
µ and elastic modulus E remain unchanged before and after gas adsorption, the expansion stress is
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Under the co-action of external load and gas pressure, the effective stress of gas coal is
e pσ σ σ= − ,                                          (9)
in which σ is the stress of coal skeleton, which is just the outcome obtained by Equation (6).
3. Analysis on end effects in uniaxial compression 
Restrained in the axial direction during loading, dilatancy for rock sample happens to the radial 
direction. There exist frictions inevitably between pressure heads of testing machine and two end surfaces 
of sample, including the contacts between internal particles. The dilatancy of middle part of samples is 
much more evident [9]. By the Saint-Venant’s principle, sample with smaller ratio of height to diameter 
has a larger end effect to the whole. As shown in Figure 1, the tapered damage near two ends in uniaxial 
compression is also due to the end effects, leading to high strength and triaxial compression state near the
ends. This tri-axes effect takes an increasingly high relative proportion in sample body as the ratio of 
height to diameter decreases. From these, scale-dependent constitutive model must take the end effects
into consideration. Till now, end effects mechanism still remains unclear and the researches stay in testing
and numerical analysis [9, 10]. We raise a theoretical method to modify the scale effect model, 
originating from deformation theory of metal material upsetting [11]. Supposing that coal sample has an
elastic body before damage and homogeneous deformation during compressing. That is, the surface in 
parallel with z direction always maintains parallel when deformating. Figure 2 shows any longitudinal 
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section of cylindrical coal samples, and also the interfacial stress state of samples is shown in Figure 3.
Fig.1. Typical failure patterns of rock samples in uniaxial compression
Fig.2. Schematic diagram of uniaxial compression                      Fig.3. Schematic diagram of interfacial stress
End effects of gas coal produced by lateral strain consist of two components, the lateral strain resulting 
from axial compression and lateral expansion owing to the gas adsorption. Simplifying analysis, we may 
take the following assumptions:
• The ratio of horizontal to vertical strain for coal particles is equal to the Poisson’s ratio.
• Expansion ratio of gas coal samples is equal to that of coal particles by gas absorption [7].
• The additional deformation energy caused by end effects is equal to the energy consumed by relative 
sliding friction on two end surfaces.
Pressing coal sample by the upper pressure head at a speed of 0v , the expansion speed v along the 
radial direction for any vertical cylindrical section is shown in Figure 3. For the coal skeleton, we can get
ε
µ
ε
′
= ,                                       (10)
where ε ′ is the lateral strain with axial strain of ε for the coal body, and the parameter µ is Poisson’s 
ratio. Then, the Equations (11) and (12) are obtained as follows,
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In the two expressions above, t is the loading time, and h is the height of coal sample. Other 
parameters can be found in Figure 2 and 3. It is complex to show the distribution of frictional shear stress 
on the sample ends. In general, we regard it as uniform, ( )f τσ σ+ , where f is the sliding friction 
coefficient between the ends of coal sample and pressure heads. We replace f with static friction 
coefficient because of the extremely low loading speed. σ is the axial stress with no end effects, namely, 
the result of expression (6) in previous. Because end friction is equivalent to add lateral compressive load 
on both ends of the sample, there will be axial elongation when axial direction is free. If constraints are
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applied to the axial direction, the additional axial compressive stress τσ will occur inevitably. The power 
consumed on both ends of coal sample during compressive load is
3
04 ( )2 d
3
f v R
W v s
h
τ
τ
π µ σ σ
τ
+
= =∫∫ ,            (13)
where R is the radius of cross section of samples. The axial stress caused by end effects is written as
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Taking end effects into consideration, the axial stress becomes
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where 1t is the modified coefficient for end effects caused by axial compression, determined by sample
shape and material characteristics. We must point out that end effects depend on a dynamic and 
continuous loading process, which may decreases or even disappears, once external load stops in loading 
process. In addition, because of the gas absorption, the coal produces lateral expansion, which can still be 
calculated with the methods above. The lateral ratio of coal sample produced by gas adsorption is
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where µ′ can be defined as lateral deformation rate caused by gas absorption. Simply change the 
Poisson’s ratio to µ′ in Equation (15) and we get the axial stress revised by second part of end effects:
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in which 2t is the other modified coefficient. Coal sample fails and internal stress redistributes as load 
reaches a maximum. Then, end effects can be considered to disappear. So we obtain the scale-dependent
constitutive model in unaxial compression for gas coal considering end effects as follows,
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where the parameter gσ is axial stress, other parameters can be found in our previous analysis.
4. Discussions
End effect is insignificant for taller samples, and the internal stress in coal under uniaxial compression 
distributes uniformly along the axial direction. Using the testing results in reference [12], we take the high 
samples with ratio of height to diameter of 2.5 as standard, of which the elasticity modulus is 960MPa
and cE is 695MPa. We calculate the Weibull module 3.1m = . The experimental ultimate compression 
strength is 7.0MPa with gas pressure of 0.5MPa. The Poisson’s ratio is 0.32. The static friction coefficient 
between end surfaces of coal sample and pressure heads is 0.68. Other parameters are: 325.57m /ta = ,
-10.96MPab = , 31.362t/mρ = , 300KT = .
Saturating with gas in advance in reference [12], end effects caused by gas had been vanished before 
compressive load. Thus, with the modified coefficient 2 1t = in Equation (18), coal samples only kept
axial stress produced by axial expansion after gas absorption, which also became the main reason that the 
axial stress is not zero before loading. Ignoring end effects, the ultimate compression strength of standard
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sample taken in calculation is 7.34MPa with no gas. Taking the experimental data [12] into Equation (18), 
we get scale-dependent ultimate compression strength with different gas pressure (shown in Table 1).
Table 1. Comparison between theoretical and experimental results about ultimate compression strength
Coal samples Ultimate compression strength/MPa
Ratio of height to 
diameter (h/d)
Gas pressure
P=0.5MPa
Gas pressure
P=0.9MPa
Gas pressure
P=1.3MPa
Model Experiment Model Experiment Model Experiment
0.7 13.6 14.8 13.4 13.1 13.2 -
1.0 11.2 14.7 11.0 13.3 10.8 12.0
1.5 9.2 12.6 9.0 11.4 8.8 10.0
2.0 8.1 8.2 7.9 7.7 7.8 7.4
2.5 - 7.0 7.2 6.5 7.0 6.4
Fig.4. Theoretical curves of ultimate compression strength      Fig.5. Comparison between theoretical and experimental results
for gas coal with different sizes and gas pressure               for ultimate compression strength with gas pressure of 0.9MPa
Fig.6. Comparison between theoretical and experimental results of stress-strain curves for gas coal with gas pressure of 0.5MPa
Controlled by different gas pressure, the theoretical curve of scale-dependent ultimate compression
strength is shown in Figure 4, from which we can see that the ultimate compression strength obviously 
decreases as the ratio of height to diameter increases. However, along with the increase of the gas 
pressure, it depresses a little. Figure 5 shows the theoretical and experimental results with gas pressure of 
0.9MPa. The theoretical curve has a good agreement with experimental data. Through the analysis on
Figure 6, we find that stress-strain relation with the variations of coal sizes is influenced significantly by 
end effects. The instantaneous drop of stress after the theoretical curves peak, which produced by end 
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effect, is in accordance with the experimental results approximately. The instantaneous drop degree of
stress increases as the ratio of height to diameter decreases, reflecting the necessity and reasonability for 
modifying model with end effects.
5. Conclusions
As to the deformation law of gas coal, there are no characteristic parameters representing size or gas 
pressure for coal strength in traditional constitutive relation. We established a scale constitutive model for 
gas-saturated coal samples, which theoretically shows the co-actions of scale and gas pressure. Besides 
we study the end effects during gas absorption and uniaxial compression. After modification with end 
effects, the stress-strain relations and ultimate compression strength have a better agreement with 
experimental results, and it can reflect the law of changeable uniaxial compressive strength with coal 
sample size and describe almost the whole process of uniaxial compression. This work will serve as one 
of approaches to researches of scale efforts for gas coal.
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